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PROJECTIVE CELL MODULES OF FROBENIUS CELLULAR 

ALGEBRAS 

YANBO LI AND DEKE ZHAO* 



Abstract. For a finite dimensional Frobenius cellular algebra, a suflicicnt and 
necessary condition for a simple coll module to be projective is given. A special 
case that dual bases of the cellular basis satisfying a certain condition is also 
considered. The result is similar to that in symmetric case. 
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1. Introduction 

Cellular algebras were introduced by Graham and Lehrer [4] in 1996, motivated 
by previous work of Kazhdan and Lusztig [5]. They were defined by a so-called 
cellular basis satisfying certain axioms. The theory of cellular algebras provides a 
systematic framework for studying the representation theory of many interesting 
algebras from mathematics and physics. The classical examples of cellular alge- 
bras include Hecke algebras of finite type, Ariki-Koike algebras, Brauer algebras, 
Birman-Wenzl algebras and so on. We refer the reader to [21 El [12] for details. Re- 
cently, Koenig and Xi [^ introduced affine cellular algebras which contain cellular 
algebras as special cases. They proved afiinc Hccke algebras of type A are affine 
cellular. 

Several important classes of cellular algebras are symmetric, such as Hecke alge- 
bras of finite types, Ariki-Koikc algebras and so on. In [HI |9], Li studied the general 
theory of symmetric cellular algebras, such as dual bases, centres and radicals. 
Moreover, Li and Xiao considered the classification of the projective cell modules 
of symmetric cellular agebras in [11] . Frobenius algebras are natural generalizations 
of symmetric algebras. It is well known that a Frobenius algebra is symmetric if 
and only if there exists a Nakayama automorphism being the identical mapping. 
Examples of non-symmetric Frobenius cellular algebras could be found in [6]. In 
[To] . Li investigated Nakayama automorphisms of Frobenius cellular algebras. It 
is proved that the matrix associated with a Nakayama automorphism with respect 
to a cellular basis is uni-triangular under a certain condition. A natural question 
is which properties of symmetric cellular algebras can be generalized to Frobenius 
cases. In this paper, for a Frobenius cellular algebra, we will give a sufiicient and 
necessary condition for a simple cell module to be projective. A special case that 
dual bases of the cellular basis satisfying a certain condition is also considered. The 
result is similar to that in symmetric case. 
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The paper is organized as follows. We begin with a quick review on the theory 
of cellular algebras and Frobenius algebras. In particular, we give in this section a 
corollary of Gaschiitz-Ikeda's Theorem, which is more useful to study cell modules 
of Frobenius cellular algebras. Then in Section 3, after giving some properties of 
Frobenius cellular algebras, we give a sufficient and necessary condition for a simple 
cell module to be projective. A special case will be considered in Section 4. The 
result is similar to that in symmetric case. 

2. Preliminaries 

In this section, we will establish the basic notations and some known results 
which are needed in the following sections. The main references for this section are 
[3] and m. 

2.1. Frobenius algebras. Let _R be a commutative ring with identity and A a 
finite dimensional associative _R-algcbra. Suppose that there exists an i?-bilinear 
form f : A X A ^!- R. We say / is non-degenerate if the determinant of the matrix 
{f{ai, aj))ai,ajeB is not zero for some basis B oi A. We call / associative ii f{ab, c) ~ 
f{a, be) for all a,b,c ^ A. 

Definition 2.1. An i?-algebra A is called Frobenius if there is a non-degenerate 
associative bilinear form / on A. 

Let A he a Frobenius algebra with a basis B — {ai \ i — 1^ . . . ,n}. Let us take a 
non-degenerate associative bilinear form /. Define an i?-linear map t : A ^ Rhy 

T(a)=/(a,l). 

We call d ^ {di \ i = 1, . . . , n} the right dual basis of B which is uniquely determined 
by the requirement that T{aidj) = Sij for all i, j = 1, . . . , n. Similarly, the left dual 
basis D = {Di | i = i, . . . , n} is determined by the requirement that T{Djai) = 5ij. 
Define an i?-linear map a : A ^t Ahy 

a{di) = Di. 

Then a is a Nakayama automorphism of A. 

From now on, all of modules considered in this paper will always be left modules. 
Let Ad be an A- module and 9 6 Endj^(A/). Then we define the averaging operator 
I{0) e Endfl(M) by 

/(6l)(m) :=^a»6l(Am) Vm £ M. 

i 

It is an A-module endomorphism. Furthermore, 1(0) is independence of the choice 
of basis. This implies that I{9) also can be defined as follows. 

/(6l)(77i) = Y^ d,e{a.,m) WmeM. 

i 

Let 9,7T,ip G End^(7\/). Then the definition implies that 

I{Lpoe) = I{ip)oe and I{eon) =eoI{Tr). 

Moreover, it is helpful to point out that I (9) G EndA{M). 

One of the importance of the averaging operator is that it provides a criterion 
for an A-module being projective. 
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Lemma 2.2. (Gaschiitz-Ikeda) Let ^ be a Frobenius algebra and M an A-module. 
Then M is projective if and only if there exists some ip e End/i'(M) such that 
/((/j) = idM- 

Let i? be a field. Suppose that dim Af = m and take a basis {wi, ■ • ■ , Wm}. For 
1 !i *j j !i "T-j define ^pij G Endfl(Af) by ipij{vs) = SisVj. Clearly, ipij form a basis 
of Endfl(Af ). The following result is a simple corollary of Lemma [2.21 However, it 
is important in this paper. Hence we will give a complete proof of it here. 

Corollary 2.3. Let A be a finite dimensional Frobenius algebra and M a simple 
A-module. Then M is projective if and only if there exists some (fij such that 

Proof. Since (pij form a basis of Endfl(A/), the necessity is a direct corollary of 
Lemma 12.21 Conversely, assume that there exists some ipij such that I{fij) 7^ 0. 
Note that A/ is simple. Then Schur's lemma implies that I{(pij) = Tij idM, where 
rij e i? — {0}. Let TT : A^ — !■ A/ be an epimorphism of A-modulcs. Then there exists 
an i?- linear map ^ : M -^ N such that ttojjl = idM- This gives that tto ^oip^j = ip^j 
and thus /(tt o /i o ip.ij) = r.ij idM- This implies that r~- I{ii o (p^j) is the desired 
map. D 

2.2. Cellular algebras. Let us recall the definition of a cellular algebra given by 
Graham and Lehrer in [4]. 

Definition 2.4. [4] Let i? be a commutative ring with identity. An associative uni- 
tal i?-algebra is called a cellular algebra with cell datum (A, Af , C, i) if the following 
conditions arc satisfied: 

(CI) The finite set A is a posct. Associated with each A G A, there is a finite set 
M{X). The algebra A has an i?-basis {C^j. | A G A, S,T e M{X)}. 

(C2) The map i is an i?-linear anti-automorphism of A with i- = id which sends 
C^j, to C^s for aU A e A and S,T e Af (A). 

(C3) If A G A and S,T E Af (A), then for any element a E A, wc have 
aClT= Yl ra{S',S)C^,^^ {mod A{<X)), 

S'eM(A) 

where ra{S , S*) G f? is independent of T and where A{< A) is the f?-submodule of 
A generated by {C^^y \U,V £ M{fi), fi < A}. 

If we apply i to the equation in (C3), we obtain 

(C3') C^,si(a) = E raiS\S)C^^, ( mod A(< A)). 

S'eA/(A) 

As a natural consequence of the axioms, the cell modules are defined as follows. 

Definition 2.5. Let A be a cellular algebra with cell datum (A, Af, C, i). For each 
A G A, the cell modules Wc(A) is left A-modulc defined as follows: Wc(A) is a free 
fi;-module with basis {Cs \ S G Af (A)} and ^-action defined by 

aCs= J2 ra{S',S)Cs' {aeA,SeM(Xj), 
s'eM{x) 
where ra{S , S) is the element of R defined in Definition 12. 4r C3). 
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Let A be a cellular algebra with cell datum (A,A/, C, i). Let A G A and 
S, T,U,V e M{\). Then we have from Definition [23] that 

Cs,TClf^v = HT,U)Cly (mod A(< A)), 

where $(r, U) £ R depends only on T and U. Thus for a cell module Wc{X), we 
can define a symmetric bilinear form $> : Wc{X) x Wc{X) — > R by 

^x{Cs,Ct) = HS.T). 

The radical of the bilinear form is defined to be 

rad$ \:={xe W{\) \ ^x{x, y) = for aU y £ Wc{X)}. 

By the general theory of cellular algebras, rad$ A is an A-submodule of Wc{X), 
motivating the definition L{X) = Wc(A)/rad<5 A. In principle, the next result of 
Graham and Lehrer classifies the simple A-modules. 

Lemma 2.6. ([4]) Let K he a field and A a finite dimensional cellular algebra over 
K . Let Aq = {A G A I $a t^ 0}. Then {L{\) \ A £ Aq} is a complete set of pairwise 
non-isomorphic absolutely irreducible A-modules. 

For any A £ A, fix an order on A/(A) and let A/(A) = {5*1, 5*2, • • • , Sn^}, where 
nx is the number of elements in Af (A), the matrix 



G(A) = ($(5„^,)) 



l<i,j<nx 



is called Gram matrix. Note that all the determinants of G(A) defined with different 
order on M{X) are the same. By the definition of G(A) and rad* A, for a finite 
dimensional cellular algebra A, if $> j^ 0, then dim^f L(A) = rankG(A). 

3. Projective cell modules of Frobenius cellular algebras 

Let K be a field. Let ^ be a finite dimensional Jf-algebra and M an A-module. 
The algebra homomorphism 

Pm : A — > EndK(A/), pM(a)'m — am, V m £ Af, a £ A, 

is called the representation afforded by M . 

Let A be a finite dimensional Frobenius cellular A'-algebra with a cell datum 
(A, A/, G, i). Given a non-degenerate bilinear form /, denote the left dual basis by 
D = [D^j, I 5", T £ Ar(A), A £ A}, which satisfies 

'ri.DljyCgj,) ^ Sx^lSsvStu- 

Denote the right dual basis by d = {dg ^^ | 5, T £ A/(A), A £ A}, which satisfies 

T{Csj^d'^y) = 6xf,Ss,vST,u- 
For ^ £ A, let Ad{> p) be the X-subspace of A generated by 

{d'xx\X,YeMie),p<e} 

and let Ad{> p) be the A'-subspace of A generated by 

{D'x^y\X,Y€Mie),p<e}. 

Note that the i^-linear map a which sends d3f y to D^f y is a Nakayama automor- 
phism of the algebtra A. 
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For arbitrary \, fieA, S,T e A/(A), U, V £ M{fi), write 

^S.T^Uy = 2^ '''{S,T,\),{Uy,fj.),{X,Y,e}Cx,Y^ 

eGA,X,Y£M(e) 

Ds,TDijy = 2^ R(S,T,\),(Uy,ti:),(XY,c)Dx,Y- 

eeA,A'.yeA/(£) 
Applying a^^ on both sides of the above equation, we obtain 

'^s,T'^u.y = 2^ R(s,T,\),(u,v,ti.),(x,Y,(:)d'x,Y- 

e£A,X,Y£M{e) 

The foUowing lemma about structure constants will play an important role in 
determining the projective cell modules of Frobenius cellular algebras. 

Lemma 3.1. For arbitrary X, fj, £ A and S,T,P,Q e M{X), U,V <E M{^) and 
a G A, the following hold: 

(1) ^Uy^S.T = E ri^s.T.\),iY.X,e),iV..U.ti)Dxy 



eA,x,YeM{f.) 

"(Y,X,e),(;7,y,M),(T,S,A)L'X,y- 



(2) D'^yCs.T — J2 R{Y.X,e),{U,V,fi),{T.,S,\)C_ 

ceA.X,YeM(e) 

(4) D^p.qCIt = ^f Qt^S. 

(5) D^yClj. - if ^iX. 

(6) F>rp gCgQ = Ljrp pCpQ. 

(7) Cgrpd^y = Y^ r^Y,X.e).{S,T,\).{V,U,fj,)dx.Y- 

eeA,X,YeM{e) 

(8) Cgjpd^y = Y^ R(U.V,fj,),{Y.X,e),(T,S.X)Cx_Y- 

eeA.X,YeM{e) 

{9) d^ya= E r^^,)iV,V')d';jy, { mod Adi> fi)). 
veMifj.) 

(10) C^rd^p^Q ^QifT^P. 

(11) Cl.pd>ijy =0 if tiiX. 

(12) Cgrpdrpp = Cggdq p. 

Proof (1), (3), (4), (5), (7), (8), (9), (11) have been obtained in [T^. (2), (8) 
are proved similarly as (1), (7), respectively. (6) is a direct corollary of (1) and 
Definition 12.41 Finally, (12) is obtained similarly as (6). D 

It follows from Definition 12.41 and Lemma IXTj fl). (3) that for arbitrary elements 
S,T,P,QeM{X), 

DirD^P.Q ^ ^{T,P)D^s,Q (mod Ad(> A)), 

where ^{T, P) E K depends only on T and P. Applying a^^ on both sides of the 
above equation, we obtain 

4t4q = *m^)4,g (mod Ad(> A)). 

Take an order on M(A) the same as in the definition of G{X). Then the matrix 
(*(5,T)) will be denoted by G'(A). 
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Let Wc{X) be a cell module. Define ipsT G Endi<-(VFc(A)) by (Pst{Cx) = SsxCt 
for arbitrary S,T £ Af(A). The following lemma reveals a relation among I{ipsT), 
$A and "iix- 

Lemma 3.2. IfWc{X) is simple, then I{ipsT) = csTidvi/c^(A)7 where 

csT= Y. nT,Q)^{S,Q). 

QeM(A) 

Proof. It follows from Wc{X) being simple and Schur's Lemma that 

I{fST) = CsTldwcW' (3-1) 

where cst G K. Let px be the representation afforded by Wc{\)- Then for a £ A, 
we have 

aCx = ^ P\ia)YxCY- 

YeM{X) 

A direct computation gives that 

H^ST)iCx)= Y. Px{DI^p)sxPx{CIq)ytCy. (3.2) 

neA,P,Q€M{ri), YeM{X) 

Combining (3.1) and (3.2) yields that 

Y PxiDQ^p)sxPx{C],Q)xT = csT- (3.3) 

J)GA,P,QeM(j)),YeM(A) 

By the definition of cell modules, 

ClQCT = rc^^jX,T)Cx+ Y ^^'^^'' 

X'^X 

where r^"? {X,T) G K is defined in Definition 12. If C3) and rx' G K. This implies 
that 

P>'(.C!],q)xT = r(^p^Q^ri),{T,T,X),{X,T,X)- (3.4) 

On the other hand, it follows from Lemma [3312) that 

Px{Dl^^p)sx = R(s,s,x),{Q,P,ii),{s.x,x)- (3.5) 

We have from (3.3), (3.4) and (3.5) that 

C-ST = 2^ '>\P,Q,7i),{T,T,X)XX,T,X)R{S,S,X)XQ,P,ri),{S,X,X)- (3-6) 

J7eA,P,QeA/(j7) 

Again by Lemma [3. 1[ for any e £ A, if e ^ A, then R[s^s.x),{y,x,il),{s,S,x) = 0, if 
A ^ e, then rix,Y,e),(s.s,x).(s,s.x) = 0. Thus Definition 12.41 and Lemma 13.11 force 
(3.6) being 

Cst = 2^ '''{P,Q,X),{T,T,X),{X,T,X)R(S,S,X),{Q,P,X),(S,X,X) 

p,QeM{x) 

= 2^ 1^(,X,Q,X),{T,T,X),{X,T,X)R(,S,S,X),{Q,X,X),{S,S,X) 

QGA/(A) 

= J2 <i'(r,Q)*(5,g). 

QeM(X) 

We complete the proof. D 
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Now we are able to describe the main result of this section. 

Theorem 3.3. Let A be a finite dimensional Frobenius cellular K-algebra and 
VFc(A) a simple cell module. Then Wc{^) is projective if and only if there exist 
S,T e M{X) such that ^{S,T) ^ 0. 

Proof. It follows from Corollary 12.31 that Wc{X) is projective if and only if there 
exist X,Y £ M{X) such that I{ipxY) 7^ 0. By Lemma 13.21 this is equivalent to 
cxY 7^ 0. Fix an order on A/(A) and denote the matrix (cxy) by I\. Then VFc(A) 
is projective if and only if I\ ^ 0. On the other hand, we have from Lemma 13.21 
that G"(A)G'(A) = h. The simphcity of Wc(A) implies that G{\) is invcrtible. 
Thus /a 7^ if and only if G'(A) ^ 0, that is, there exist S,T e M{X) such that 

*(S',r)^o. D 

We can obtain from this theorem a necessary condition for a cell module being 
projective. 

Corollary 3.4. If G'{X) ~ 0, then Wc{X) is not a projective module. 

Proof. The corollary follows from Theorem 13.31 and [3 Corollary 1.2] clearly. D 

Remark 3.5. Using the right dual basis {d^^y | e G A,X, F e Af(e)}, for each 
A e A wc can define an A-module Wd{X) as follows. As a isT-basis, ^^(A) has a 
basis {ds \ S £ M{X)}. The ^-action is defined by 

ads = X] ^t{a)iS,S')ds'. 

S'6J\/(A) 

Then by a similar way, we can prove that if Wd{X) is simple, then it is projective if 
and only if A G Ag. 



Now let us apply Theorem 13.31 to an example which was constructed by Konig 
and Xi in [6]. 

Example 3.6. Let i^ be a field. Let us take X G K with A / and A 7^ 1. Let 

A = K(a,b,c,d)/I, 

where / is generated by 

a ,b ,c ,d , ab, ac, ba, bd, ca, cd, db, dc, cb — Xbc, ad — be, da — be. 

Let A = {1,2,3}. If we define r by r(l) = T{a) ^ T{b) = t{c) = r(d) = and 
T{bc) = 1 and define an involution i on A to be fixing a and d, but interchanging b 
and c, then A is a Frobenius cellular algebra with a cellular basis 

a b 
^""^ c d' ^- 



The left dual basis is 



_, d c/X , 
1; ' ; be. 

b a 



It is easy to check that Wc'(l) = 0, Wc{2) = and Wc(3) is simple. However, 
G'(3) = 0. This implies that Wc(3) is not projective. Thus none of cell modules is 
projective. 
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4. A SPECIAL CASE 



Throughout this section, we assume that ^ is a finite dimensional Frobenius 
cellular algebra with both the dual bases being cellular with respect to the opposite 
order on A. 

Under this assumption, we obtained the following result about the Nakayama 
automorphism a in |10j . 

Lemma 4.1. [101 Theorem 3.1] For arbitrary A G A and S,T E M{X), we have 

a{C^T) = C^T ( mod A{< A)). 

In order to generalize the so-called Schur elements to Frobenius case, we prove 
a lemma first. 

Lemma 4.2. Let A be a Frobenius cellular algebra with cell datum (A, M, C, i). 
For every A e A and S,T €z A/(A), we have 

S'GM{X) 

Proof. By Lemma [5TT] f3). (5), we have 

Dgrj.CrpgDgj'Cj'g = Dgj,{Cj'gDgrp)Cq^g 

S'eA/(A) 

It follows from Definition 12.41 and Lemma 14.11 that 



Again by Lemma [3. IT S), the desired equation follows. D 

We have from Lemma 13.11 that Dg rpC^ g is independent of T. Then for any 
A G A, we can define a constant k\ as follows. 

Definition 4.3. For A £ A, take an arbitrary T G M{X). Define 

X£M{\) 

The following lemma reveals the relation among G(A), G"(A) and k\. This result 
is a bridge which connects kx with cst- 

Lemma 4.4. Let A G A. Fix an order on the set M{X). Then G(A)G"(A) = kxE, 
where E is the identity matrix. 

Proof. Clearly, we only need to show that ^ ^{X, 5)^ (A, T) = for arbitrary 

xeM(\) 
S,T eM{X) with Sy^T. 

Let us consider Dg gCg gDg gC^ g. On one hand, it is zero by Lemma [3. II On 
the other hand, computing it as that in Lemma 14.21 vields that 

DisCisDisC^.s ^ E 'i'{X,S)^{X,T)DigCig. 

xeM{\) 

It follows from D^gC^g y^ that J2 ^{X, 5')*(A, T) == 0. D 

xeM{x) 
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Corollary 4.5. Keep notations as above, then cst = T^T:{^ST)k\, where Tr denotes 
the usual matrix trace. 

Proof. Note that Tr{(psT) = Sst- Then by Lemma [3.21 Definition 14.31 and Lemma 
14.41 the corollary follows. D 

The constants k\ could be viewed as generalizations of Schur elements when 
Wc(A) is simple. We are in a position to give the main result of this section. It is 
similar to that in symmetric case. 

Theorem 4.6. Let A be a Frobenius cellular algebra with i{Dg rp) = D^ g and 
i{dgrp) = d^ g for arbitrary A G A and S,T ^ M{X). Then the cell module Wc{X) 
is projective if and only if k\ 7^ 0. 

Proof. By [SJ Corollary 1.2], if Wc(A) is projective, then Wc(A) is irreducible. It 
follows from Corollary 12.31 that there exist S,T € M{X) such that I{(pst) 7^ 0, or 
Cst ¥" 0- This implies that fc^ =^ by Corollarv l4.5l 

Conversely, assume that k\ ^ 0. Then Wc'(A) is irreducible by Lemma [4.41 
Again by Corollarv 12.31 Vl^c(A) is projective. D 

Corollary 4.7. M^c'(A) is projective if and only if so is Wd{X). 

Proof. By Theorem l4.61 we only need to prove that Wd{X) is projective if and only if 
kx ^ 0. In fact, if kx ^ 0, then Lemma WM forces VFd(A) to be simple. Thus Wd[}^ 
being projective follows. Conversely, if Wd(A) is projective, then |6l Corollary 1.2] 
implies that 14^d(A) is simple, that is, G'(A) is invertible. Moreover, we have from 
Remark 13.51 that GiX) 7^ 0. Hence we conclude by Lemma WM that A: a 7^ 0. D 

Remark 4.8. Using the left dual basis D\ y, we can also define modules Woi}^- 
It could be proved that Wi)(A) is projective if and only if so is Wd(A). We omit 
the details here. 
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